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Abstract

Researchers facing mismeasured confounders must often choose between
omitting the variable (risking omitted-variable bias) or including a noisy
proxy (introducing measurement-error bias). While conventional wisdom fa-
vors proxy inclusion, recent work on nonclassical measurement error shows
that a sufficiently poor proxy can sometimes exacerbate bias relative to
omission. We show that this “fear of the proxy” is unfounded when the
confounder is binary. Although binary misclassification is inherently non-
classical, including a corrupt binary proxy strictly reduces the bias in the
coefficient of interest relative to omitting the confounder entirely. We then
present two estimators that explicitly account for classification error in the
confounder: a two-step procedure that estimates false-positive and false-
negative rates before applying a corrected structural estimator, and a joint
GMM estimator that combines the misclassification and the structural mo-
ment restrictions. Monte Carlo simulations quantify the bias from proxy in-
clusion relative to omission and demonstrate the finite-sample performance
of the proposed estimators under varying degrees of misclassification and
identification strength. An empirical application to household business data
from Cameroon illustrates the practical relevance of these methods for esti-
mating returns to education and gender earnings disparities when formality
status is misclassified.
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1 Introduction

Estimating the causal effect of an explanatory variable on an outcome is a central
goal in applied economics and business research. The validity of the workhorse
multiple regression model hinges on the successful inclusion of relevant control
variables, or confounders, to isolate the effect of interest and mitigate omitted
variable bias (OVB) (Angrist & Pischke 2009). In practice, however, researchers
rarely have access to perfectly measured data and must almost always work with
corrupt or noisy ones, a challenge documented extensively in Bound, Brown &
Mathiowetz (2001). Key confounders such as parental history, health status, infor-
mality or program participation, are often misreported in survey data, presenting
applied researchers with a persistent dilemma: Should one include the imperfect,
“noisy” proxy variable, or omit it entirely and accept the resulting OVB? For the
case of classical measurement error (CME), where the error is uncorrelated with
the true value and the regression error, the literature provides a relatively clear
answer. Early work by Wickens (1972) and McCallum (1972) has formally shown
that including a classically mismeasured control variable is generally the “lesser
of two evils.” It induces a smaller bias on the coefficient of interest than the OVB
resulting from omission, leading to the widely accepted heuristic that “poor con-
trols are better than no controls”.

However, this wisdom has been challenged by literature focusing on non-classical
measurement error (NCME), where the measurement error term is correlated with
the true value. Studies such as Frost (1979), Bound et al. (2001), Bollinger (2003),
Wolpin (2013), and, more recently De Luca, Magnus & Peracchi (2018) have shown
that when measurement error in the confounder is non-classical, including a proxy
can increase the bias in the coefficients of interest compared to simply omitting the
confounder. In general, the classical measurement error assumption is frequently
untenable in practice and there is no a priori reason to believe that it satisfies
this condition. This is particularly true when dealing with bounded variables or
sensitive self-reported data where errors are inherently tied to a respondent’s true
state (Bound et al. 2001). In such contexts, the measurement error term is not
merely random noise but is endogenously determined, potentially leading to biases
that differ significantly from the standard attenuation predicted by classical the-
ory (Meyer & Mittag 2017). This counter-intuitive result has created legitimate
anxiety among practitioners, leading to uncertainty about whether to control for
variables known to have high levels of non-classical misreporting.

This paper formally addresses this dilemma specifically for the ubiquitous case
of binary confounders. Misclassification in binary variables is, by definition, non-
classical: if the true value is 1, the error can only be -1 or 0; if the true value is



0, the error can only be 1 or 0. Thus, the error is negatively correlated with the
truth and is often correlated with other regressors or the outcome (Aigner 1973).
Despite this non-classical nature, we prove a key theoretical result in this paper:
in the case of a binary confounder, including a corrupt proxy cannot yield a larger
asymptotic bias than omitting the variable entirely, provided the level of corruption
is not so severe that the proxy is uninformative. This result restores the “include”
wisdom for the binary case and provides a crucial, generalizable guideline that
alleviates concerns about bias amplification, and insures a theoretical safety net
for researchers. The result stems from the subtle, structural correlations inherent
in binary misclassification which do not yield the same pessimistic conclusions as
the continuous case that previous authors have discussed.

While our first finding confirms that including a binary proxy as confounder
reduces bias in the coefficients of interest, it does not eliminate it. Therefore, our
second major contribution is to present two practical, fully consistent estimators
that correct the residual bias left by the naive OLS model when misclassification
probabilities are unknown to the researcher. We propose a two-step procedure
that estimates misclassification probabilities via a first-step maximum likelihood
(Hausman, Abrevaya & Scott-Morton 1998) and uses them to correct the struc-
tural regression, and an efficient joint GMM Estimator that combines them. We
establish the consistency and asymptotic normality of our proposed estimators,
which are sufficiently flexible to also incorporate the unusual case in which mis-
classification probabilities are known to the researcher (e.g., through validation
studies). We use Monte Carlo simulations to quantify the finite-sample costs of
including a corrupt binary confounder and the performance of the proposed cor-
rection estimators, under various degrees of misclassification and identification
strength. Finally, we illustrate the practical relevance of our findings with an em-
pirical application examining the returns to education among household business
owners in Cameroon.

This paper contributes to two related strands of the econometric literature: the
analysis of measurement error in control variables, and the identification of mod-
els with misclassified binary regressors. While the literature on the measurement
error in control variables has grown substantially (see, e.g., surveys by Griliches
1986, Bound et al. 2001, Chen, Hong & Nekipelov 2011), a critical distinction
must be drawn between continuous and binary confounders. Early work by Wick-
ens (1972) and McCallum (1972), and more recently by Pei, Pischke & Schwandt
(2019) established that under classical measurement error, including a continuous
proxy variable reduces the bias on the coefficient of interest relative to omitting the
variable entirely. For continuous variables subject to non-random or differential



measurement error, the potential for getting a bias expansion instead is a gen-
uine threat, as detailed by Frost (1979) and elaborated upon by Bollinger (2003),
Wolpin (2013), and De Luca et al. (2018). These works show scenarios where the
correlation structure of the continuous error term can destabilize OLS estimation of
the coefficient of interest and make the naive estimator worse than simple omission.

The second strand examines the consequences of binary misclassification for
identification. Aigner (1973) and Bollinger (1996) provided the seminal analysis
of regression with misclassified binary regressors, showing that point identification
is lost without further assumptions, often leading to bounding approaches (Card
1996, Kane, Rouse & Staiger 1999, Black, Berger & Scott 2000, Bollinger 2001,
2003, Kreider, Pepper, Gundersen & Jolliffe 2012, Kreider & Pepper 2007, Krei-
der 2010, van Hasselt & Bollinger 2012, Bollinger & van Hasselt 2017, Bollinger
& Minier 2014, Tommasi & Zhang 2024). The modern literature, however, often
pursues point identification via auxiliary information. This includes methods using
instrumental variables (Frazis & Loewenstein 2003, Mahajan 2006, Lewbel 2007,
Hu 2008, Hu & Shennach 2008, Bollinger & Minier 2014, Ura 2018, Yanagi 2019,
Kasahara & Shimotsu 2022, Haider & Stephens Jr 2025) or repeated measures
(Black et al. 2000, Schennach 2016, DiTraglia & Garcia-Jimeno 2019). Another
set of papers dive into potential bias amplification. This includes research by
Bound et al. (2001) and Nguimkeu, Denteh & Tchernis (2019) highlighting that
misclassification in treatment status can produce biases that sign-flip or exagger-
ate treatment effects. Wossen, Abdoulaye, Alene, Nguimkeu, Feleke, Rabbi, Haile
& Manyong (2019), Meyer, Mittag & Goerge (2022), Haider & Stephens Jr (2025),
Lamarche (2025) provide empirical evidence of this phenomenon using experimen-
tal, household survey, or administrative data.

Our paper moves beyond these frameworks by focusing on misclassification
in a binary confounder. We show that the consequences of NCME in a binary
control variable are fundamentally different. The structural relationship between
the misclassification probabilities and the true binary values imposes a unique
set of constraints on the asymptotic bias formula that prevent the bias-expansion
mechanism documented in the continuous case from taking effect in the binary
confounder case. This finding refines the understanding of NCME, establishing
that the robust inclusion heuristic survives the violation of the classical error as-
sumption specifically because of the discrete nature of the variable. It therefore
bridges the gap between the “optimistic” classical measurement error literature
and the “cautious” non-classical measurement error literature. We also derive
conditions under which specific structural features of the binary error allow for
point identification of the main coefficient of interest, specifically the non-linear



curvature and covariate variation in the misclassification process.

The rest of the paper is organized as follows: Section 2 describes the econo-
metric framework and compares the various biases. Section 3 develops correction
estimators for misclassified binary confounders. Section 4 presents the results of a
Monte Carlo Simulation study. Section 5 illustrates the methods in an empirical
application, and Section 6 concludes. Mathematical proofs are given the appendix.

2 The Econometric Framework

We consider the following regression model for observation ¢ in a random sample
of size n, given by

Yi = a+ fBsi + vz + &, Eleilss, zi] = 0, (1)

where y; is the outcome variable (such as wage, hours of work, amount of loan),
s; is the explanatory variable of interest (such as years of education), which could
potentially also be a vector of explanatory variables of interest, and z; € {0, 1} is
an unobserved binary confounder such that v # 0 and Cov(s;, z;) # 0. In practice,
there could be potentially many other correctly measured control variables added
to the model. To simplify the exposition, we ignore them in our discussion, given
that they can be incorporated in s; without changing our reasoning. The main
parameter of interest for the researcher is 5, while 7 is a nuisance parameter.

We assume that the researcher can only observe y;, the dependent variable, s;,
the main regressor(s) of interest, and z;, a corrupted version of the confounder z;.
Data corruption takes the form of a measurement error, so that we can write

where u; is the measurement error. When z; is binary, u; is necessarily correlated
(negatively) with z; and is therefore a non-classical measurement error. We assume
throughout that the measurement error is exogenous to the outcome equation,
that is, Cov(e;, u;) = 0. We also assume, as is common in a major strand of the
econometric literature (e.g., Aigner 1973, Bollinger 1996, Bollinger & David 1997,
Kreider & Pepper 2007, Bollinger & van Hasselt 2017, van Hasselt & Bollinger
2012, Black et al. 2000, Kane et al. 1999, Hausman et al. 1998), that

Priz; = 1|84, zi, i) = p(1 — ) + (1 — q) 2
Pr[xi = O‘Si, Zi,e’fi] = ({qz; —+ (1 —p>(1 — Zi)7

(3)

with p + ¢ < 1. This means p is the probability of false positives (i.e., the proba-
bility of observing z; = 1 when z; = 0) and ¢ is the probability of false negatives

4



(i.e. the probability of observing x; = 0 when z; = 1). Meyer & Mittag (2017)
refer to this condition as the misclassification probabilities being “conditionally
random”. The condition p 4+ ¢ < 1 is equivalent to Cov(z;, z;) > 0 implying that
measurement error did not completely corrupt the confounder x; so that it is still
an informative surrogate for z;. If p + ¢ = 1, this would mean Cov(z;, z) = 0,
which implies no signal; hence, the proxy is pure noise and is not of interest. We
focus our discussion on “population” relationships so that all the sample statistics
are discussed in terms of their asymptotic limits.

Linear regression models of the form of Equation (1) are a workhorse of em-
pirical microeconometrics, where interest centers on identifying the causal effect
(B) of a policy or treatment (s;) while controlling for a key confounder (z;). In
practice, critical confounders, such as individual ability, household social status, or
managerial quality, are often unobserved latent states. Applied researchers must
then choose between omitting these latent variables entirely or substituting them
with observable, discrete proxies (x;), such as binary survey indicators or admin-
istrative classifications. In development economics, studies evaluating returns to
infrastructure or microfinance (s;) must control for latent household wealth or
social capital (z;), typically measured via noisy, self-reported survey proxies (z;)
subject to misreporting (e.g., Deaton 2019, Alderman, Behrman, Lavy & Menon
2001). Similarly, labor economists estimating wage returns to schooling (s;) rely
on binary indicators of worker skill or training (z;) that suffer from reporting error
(e.g., Kane & Rouse 1995, Kane et al. 1999, Card 1996, Black, Sanders & Taylor
2003, Black et al. 2000). However, a prominent strand of the measurement error
literature warns that non-classical measurement error structures risk inducing ex-
pansion bias, making proxy inclusion worse than complete omission (e.g., Frost
1979, Bound et al. 2001, Bollinger 2003, De Luca et al. 2018). We first evaluate
this cautionary narrative for a misclassified binary surrogate, assessing whether
proxy inclusion exacerbates distortion or systematically dominates omission, be-
fore turning to full bias-correction estimators.

If the researcher decides to drop the confounder z; completely from the model,
then they estimate an omitted variable model of the form:

Y = o’ + B°s; + €7, (4)

where €2 = ¢; +vz;. The OLS estimation of 5 using Equation (4) would then lead
to an omitted variable bias. But if the researcher has a candidate proxy z; for
z; and decides to include it, then they would run an operational (i.e., a naive or
proxy) model using the corrupt binary confounder z;, given by

y;i = o + B +°x; + €5, (5)
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where £ = ¢; — yu;, and the estimation of § using Equation (5) would lead to
a corrupt proxy bias. In the next section, we discuss the coefficient [ obtained
from estimating these two models, and we compare the biases of including the
corrupt confounder versus omitting it entirely. To simplify the exposition of this
comparison, we first treat s; as a scalar, but the subsequent proposed correction
estimators are discussed for the general case where s; could be a vector of variables.

2.1 Bias from Omission and Bias from Inclusion

The estimation of J from the omitted variable model given by Equation (4) using
ordinary least squares (OLS) would lead to an estimator 3° such that:

plim 3° = Var(s;) ' Cov(y;, s;) = 8 + 0, (6)
where Var(-) and Cov(-,-) denote the population variance and covariance, re-
spectively, and § = Var(s;) 'Cov(s;, 2;) is the population slope coefficient in

the regression of z; on s;. The size of the omitted variable bias is given by
Bias(Bo) = plim3° — B = ~§ and depends on both the coefficient ~ in the true
model (1) as well as the coefficient § in the (infeasible) regression of the omitted
confounder z; on the main regressor of interest s;.

On the other hand, estimating 5 from the proxy model given by Equation (5)
using least squares yields an estimator 8¢ such that:

plim BC =B+ 7Var(57;|xi)_1Cov(5i, zilxy), (7)

where s;|z; and z;|x; are the residuals of the variables s; and z; obtained from
partialling out x;. That is, s;|z; and z;|z; are the residuals of the linear regressions
of s; and z; on xz;, respectively. These residuals’ variances can be expressed in
terms of standard variances as follows.

Cov(s;, x;)Cov(x;, 8;)
Var(z;)

Var(s;|x;) = Var(s;) — = Var(s;) [1 - sz} ,
where Rix is the population R? of the regression of s; on z;. For the residuals’
covariance, we can also write

Cov(s;, z;)Cov(z;, 2;)

Var(x;) '
The expression of the bias in the estimation of § from the proxy model given in
Equation (7) is quite general and covers many possible scenarios including those
not necessarily specific to our setup. Our interest lies in the case where z; is binary

and the measurement error in z; is a misclassification in z; (non-classical error in
the true binary variable), exogenous to the outcome.

Cov(s;, zi|z;) = Cov(s;, ;) —
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2.2 Bias Comparison

To understand the leading component of the bias in 3° from Equation (7) for our
binary proxy case, it is useful to rewrite the elements in Cov(s;, z;|z;) in terms
of the observables x; and s; and the misclassification probabilities. As shown by
previous authors (e.g., Aigner 1973, Frazis & Loewenstein 2003) we can write:

Cov(s;, z;) = k1Cov(s;, x;) and Cov(z;, 2;) = k1keVar(z;), where

— (pm_p)<1_pm_Q)
l—-p—gq Pz(1 — pz)

, with p, =Prz; =1]. (8)

Hence, Cov(s;, zi|x;) = (1 — ka2)Cov(s;, z;), and it follows that

- 1— ko
lim ¢ = o———. 9
plim = 4307 @
. . . . . 3 . A 1 - ]{52
This means the size of the proxy bias is Bias(§¢) = plim ¢ — 3 = yéw. The

relative size of the bias therefore depends on the relative size of ko with fespect
to R2,. We know that 0 < R2, < 1. Likewise, given that 0 < p < p, and
0 < g < 1—p, as implied by the condition p+ ¢ < 1, we also have 0 < ky < 1 (see,
e.g., Bollinger 1996). For high degrees of corruption (i.e. p and ¢ are large), ks is
low, while for low levels of corruption (i.e. p and ¢ are small), k5 is high. Also note
, Var(z;)
Var(z;)’
to the ratio of the variance of the true confounder over the variance of its corrupt
proxy (often referred to as the ‘reliability ratio’). The quantity ks can therefore be
regarded as capturing the proportion of signal in the corrupt data. We can write

that we can alternatively write ky = (1 — p — q) i.e., ky is proportional

Bias(3°) = ABias(3°),

where the factor A = quantifies the relative size of the corrupt proxy bias

i
1—-RZ,
compared to the omitted variable bias. Unlike in the continuous cases of non-
classical measurement error, the associated bias is necessarily smaller than the
omitted variable bias. We formalize this fundamental property in the following

theorem.

Theorem 1. Let BO be the least squares estimator of B in the model where the
binary confounder is omitted (}), and [3° the least squares estimator of 3 in the
model where a corrupt binary proxy is included (5). Then,

(i) Directional Agreement: Bias((°) has the ezact same sign as Bias(5°).
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(ii) Bias Reduction: |Bias(5°)| < |Bias(5°)).

This result comes from the fact that, as shown in the appendix, we must always
have 0 < A < 1 under the model assumptions, which means ko > Rix. In other
words, as long as z; is an informative proxy for the unobserved true confounder
z;, the proportion of signal in the corrupt data will generally be higher than the
amount of correlation between the proxy and the main regressor of interest. There
are extreme cases in which these two biases would be the same. An example is
when the binary proxy suffers from one-sided misreporting such that, say, ¢ = 0,
and p* = p,(1 — R?,). Then ky(p*,0) = R?,, which implies that X\ = 1 and hence
Bias((¢) = Bias(°). This means that the corrupt binary proxy is extremely noisy
if the proportion of false positives in the data approaches p,(1 — Rgx) Since this
threshold is a sample statistic that can be measured, we can readily assess how bad
the corrupt confounder in the regression model is if the proportion of false positives
is known (e.g., through validation data) or can be estimated. By interchanging
the roles of p and ¢, we can establish a similar condition for data where the proxy
confounder has only false negatives, i.e., p =0 and ¢* = (1 — p,)(1 — R?,), which

leads to k»(0,¢*) = R?, and A = 1 so that Bias(3°) = Bias(5°).

Since misclassification is assumed nondifferential with respect to s; such that
p = Pr(z; = 1|z; = 0,s;) and ¢ = Pr(x; = 0]z; = 1,s;) do not depend on s;
or other covariates, Theorem 1 aligns conceptually with the classical “interme-
diate value” property established in epidemiology and biostatistics by Greenland
(1980), Ogburn & VanderWeele (2012), Ogburn & Vanderweele (2013), and Sjoe-
lander, Penia & Gabriel (2022). These studies show that partially controlling for a
nondifferentially misclassified binary confounder yields an effect estimate bounded
strictly between the crude (unadjusted) and true parameters. Our result extends
this intuition to a standard OLS linear regression framework, resolving a specific
tension in the econometric literature. While modern studies on non-classical mea-
surement in continuous confounders (e.g., Frost 1979, Bound et al. 2001, Bollinger
2003, De Luca et al. 2018) warn that non-classical error structures can induce
severe expansion bias, making proxy inclusion worse than omission, Theorem 1
demonstrates that the discrete, bounded support of binary variables prevents such
expansion. Thus, even though binary misclassification is inherently non-classical
(Cov(ui, z;) < 0), Greenland’s intermediate value property holds robustly in linear
regression settings.



3 Correction Estimators

A central methodological challenge in estimating model (1) under non-classical
measurement error is securing point identification of the misclassification param-
eters and, by extension, the primary causal effect 5. In the existing literature,
point identification is traditionally achieved through auxiliary validation data or
external instrumental variables (e.g., Frazis & Loewenstein 2003, Mahajan 2006,
Lewbel 2007, Hu 2008, Kreider et al. 2012, Meyer & Mittag 2017, DiTraglia &
Garcia-Jimeno 2019, Haider & Stephens Jr 2025). Where valid instruments exist,
an I'V-based strategy remains the preferred estimation approach that can provide a
non-parametric foundation for identification without relying on specific functional-
form restrictions. In practice, however, valid instrumental variables for measure-
ment error processes are notoriously difficult to find, particularly when working
with secondary survey data in developing economies where no suitable instrument
or validation sub-sample exists. In such scenarios, insisting on an IV strategy
leaves the practitioner with a stark choice between abandoning point identifica-
tion entirely and settling for partial-identification bounds (Bollinger 1996, Black
et al. 2000, van Hasselt & Bollinger 2012, Gregory & van Hasselt 2025) or ignoring
covariate misclassification and suffering severe bias as shown above.

In this paper, we present practical alternative identification strategies that
could be useful for precisely these data-constrained environments. The proposed
solutions are based on either a two-step estimator that estimates misclassification
probabilities as a first step, or a GMM estimator that jointly estimates misclassi-
fication probabilities along with model parameters. Estimating these probabilities
requires specifying a misclassification model assuming knowledge of the conditional
distribution and predictors for the true binary confounder. For the rest of the dis-
cussion in this section, we assume that s; is an [-vector of correctly measured
regressors and that all variables are in deviation from their sample means, so that
we focus on slopes and can deal with the model intercept separately. For a sam-

ple of size n, we denote y = [y1,...,yn], @ = [x1,..., 2], 2 = [z1,..., 2], and
S11 ... S11

s = . .. t |. Using s; and z;, respectively, to build moment conditions
Spt --- Snl

from the true model given by Equation (1), we obtain the following population
equations:

Var(s;)  Cov(si, z) } ( B ) B [ Cov(si, yi) }

Cov(z;,s;) Cov(zy, 2) v ) | Cov(zs,ys)



which, by the covariance relationships obtained earlier, yields:

Var(s;)  k1Cov(s;, x;) g
Cov(z;, s;)  kiksVar(z;) Y

-l |

Equation (10) characterizes the relationship between the model’s true param-
eters and sample statistics, and provides the basis for the methods we proposed
to identify and consistently estimate 5 and . Notice that when p = ¢ = 0 or if
there is no measurement error in the confounder, then k& = ky = 1 and Equation
(10) simplifies to the normal equations of the OLS estimators A° and A€ in the
operational model given by Equation (5). We start by discussing the infeasible
case where the misclassification probabilities (p and ¢) are known a priori.

(10)

3.1 Estimation with Known Misclassification Rates

Before presenting our main two-step and GMM estimators, it is instructive to
first examine the oracle case where the misclassification probabilities (p and ¢) are
known a priori. In data-constrained environments, such as household surveys in
developing countries, these misclassification parameters are virtually never known
to the researcher, rendering this benchmark impractical for direct empirical estima-
tion. Nevertheless, analyzing it helps isolate the mechanics of the bias-correction
formula under ideal identification conditions and provides a useful benchmark
against which feasible estimators can be evaluated. It also serves as the conceptual
foundation for our proposed two-step and GMM strategies, which operationalize
this baseline by replacing the unknown p and ¢ with estimates identified internally
via functional-form and covariate variation in the conditional distribution of z;.

Given knowledge of (p, q), the factors k; and ky are known and Equation (10)
fully identifies v and 5. We can therefore define consistent estimators for v and
by solving for them in Equation (10), and taking the sample analogs. The result
is summarized in the following proposition.

Theorem 2. Consider the estimation of Model (1) when only a corrupt binary
prozy confounder is available. For given misclassification probabilities (p,q) in the
corrupt proxy, define the estimators B and 7y by:

B\ [ ss kisz sy (11)
v ) | @'s kikox'x 'y
where ki and ko are functions of (p,q) given in Equations (8). Then

1. B and A are consistent estimators of 5 and y i.e., plimB = [ and plim4 = 7.

10



2 XD

_f ) —Ly N(0, V), where

2. B and 7y are asymptotically normal, i.e., \/ﬁ<

V s their asymptotic covariance matriz.
Proof. Appendix. O]

A sample-based consistent estimator for the asymptotic covariance matrix, V,
is provided in the appendix so that robust inference can be performed with the
estimated coefficients using standard methods. This variance matrix is also suffi-
ciently general to accommodate heteroskedasticity of unknown form in the model
errors. When there is no measurement error, i.e., p = ¢ = 0, these estimators
are just the least squares estimators, i.e., B = ,@C and 4 = A4°. When there is
measurement error and (p, q) can be observed, these consistent estimators can be
obtained from the naive OLS estimator in probability limits as follows:

1

¥oo= 3,
Var(z)
kv |1 — (1 — ko) ——=
! ( 2)Var(:z:\s)

B = B¢ — Ak (1 — ko) Var(s|z) 'Cov(s, z).

This means that when misclassification probabilities are known, consistent es-
timators for v and [ are simply linear adjustments of the naive OLS estimators
from the operational model, where the adjustment factors are sample statistics.
This resembles the relationship between the OLS and the modified least squares
(MLS) procedure of Aigner (1973) where the MLS is just a linear modification of
the OLS. The bias adjusted least squares procedure of Nguimkeu, Rosenman &
Tennekoon (2021) also bears a similar property. These approaches provide a way
to correct for the bias resulting from misclassified regressors using only naive OLS
estimation rather than resorting to complicated estimation procedures.

Although the main attention may not be on the intercept «, its consistent
estimation can readily obtain from the consistent estimation of 8 and ~ as follows:

Corollary 1. Under the conditions of Theorem 2, define the estimator of o for
Model (1) by X

6=§— 5 — k(@ —p). (12)
Then & is consistent and asymptotically normal, i.e., plima = « and /n(& —

oz)iﬂ\/'((), Vo), where v, is its asymptotic variance.

Proof. Appendix. n

11



These types of correction estimators for («, 5’,7)" are usually motivated by the
availability of misclassification probabilities (p, q) that can generally be obtained
through validation samples in some U.S. data (e.g., Aigner 1973, Freeman 1984,
Card 1996, Savoca 2000, Battistin, Nadai & Sianesi 2014, Courtemanche, Denteh &
Tchernis 2019). When these probabilities are not directly available, we can exploit
useful information either in the form of distributional assumptions or available
predictors to derive the misclassification probabilities as a first step of a two-step
approach or within a generalized method of moments (GMM) approach.

3.2 Two-Step Estimator

A limitation of the above estimator is that it requires upfront knowledge of the
misclassification probabilities of the corrupt confounder. In instances where valida-
tion studies exist, these probabilities are known. But more often they are unknown
and this is likely the most common and important case. Therefore, they may need
to be estimated in advance as a first step. We suggest to replace the unknown
misclassifcation probabilities (p, ¢) with their consistent estimators (p, ) in Equa-
tions (11) and (12) above. The asymptotic properties of the ensuing estimators
remain the same, i.e., they are consistent and asymptotically normal, although
they are likely less efficient due to the sampling error that is carried over from the
first stage estimation of the misclassification probabilities.

Let (p, ) be a consistent estimator of (p, ¢), i.e., plimp = p and plim ¢ = ¢, and
define k; = k1(p, ¢) and ko = ko(p, ) using the functions given earlier by Equation
(8). We have the following result:

Theorem 3. Let the conditions of Theorem 2 hold and denote by 4 and B the
estimators defined by

B s's  ksx ! s'y
S = / [ / ) (13)
o x's kikyx'x ]

where ky and ky are functions of (p,q) as defined earlier. Then

1. v andB are consistent estimators of v and (3, i.e., plim 4 = v and plimB =f.

2. 4 and 3 are asymptotically normal, i.e., \/ﬁ( 5_5 ) i)/\/’(O,V"‘), where
V* is their asymptotic covariance matriz.

Proof. Appendix. O
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A consistent estimator for the asymptotic covariance matrix, V*, is provided
in the appendix. In practice, there are a few options through which consistent
misclassification probabilities (p, §) can be obtained. One approach is to assume a
conditional probability function, Pr(z; = 1|w;), for the true confounder z;, where
w; is a vector of predictors for z;, and use it to estimate the misclassification
probabilities (p, ¢) by maximum likelihood (MLE) or nonlinear least squares (NLS)
as suggested by Hausman et al. (1998). For instance, noticing that one can write
Pr(z; = l|lw;) = p+ (1 —p—q) Pr(z; = 1|w;), the estimators (p, ¢) can be obtained
by maximizing the associated log-likelihood function

in log(Pr(z; = 1|lw;)) + (1 — ;) log(1 — Pr(z; = ljw;)) = Z&'(p, q, ™),

where the conditional probability function of z = 1 is given by Pr(z; = 1|w;) =
F(w/m), for some known F(-), e.g., normal or logistic distribution. One can also
estimate this model with nonlinear least squares by minimizing the function

n

Y wi—p—(1—p—qF(ww)) = Z&(p, q, ).

=1

As explained in Hausman et al. (1998), conditions for identification of ¢ = (p, ¢, 7’)’
are similar to those of the traditional binary choice model discussed in Newey &
McFadden (1994), with the additional monotonicity condition given earlier by
p+ q < 1. This means that identification of the model parameters is achieved by
exploiting the nonlinearity of F'(-) alongside variations in w;. The linear probabil-
ity model (where F'(v) = v) therefore cannot individually identify the parameters
(p, ¢, ) and is not recommended for applying the proposed method. For instance,
parameter identification in the probit estimation that we use in our simulations
and empirical application in the subsequent sections would require F'(-) to be a
normal CDF, E[w,w!] to be a nonsingular matrix, and p + ¢ < 1.

Other methods to obtain (p, §) through parametric maximum likelihood, quasi-
maximum likelihood or nonlinear least squares estimation can be found in Bollinger
& David (1997) and Poterba & Summers (1995). One could also explore semipara-
metric procedures which do not require distributional assumptions, such as the
semiparametric maximum likelihood estimator of Hausman et al. (1998) based on
the maximum rank correlation estimator of Han (1987), the maximum score esti-
mator of Manski (1985), or the semiparametric approach of Abrevaya & Hausman
(1999) based on the monotone rank estimator of Cavanagh & Sherman (1998).
The main drawback of nonparametric or semiparametric methods as a first stage,
however, is that they are, in general, slower to converge than the parametric rate,
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potentially yielding inflated variance in the second stage.

The sample analogue of the asymptotic variance V* provides standard errors
that are robust to both heteroskedasticity of any form and the sampling error of
the estimated misclassification probabilities obtained in the first stage.

As with the known misclassification probabilities case, if one is interested in
estimating the intercept in Model (1), a consistent and asymptotically normal
estimator can use the estimated misclassification probabilities and be obtained
similarly as follows:

Corollary 2. Under the conditions of Theorem 3, define the estimator of o for
Model (1) by X X

G =7 35— k(7 - p). (14)
Then & is consistent and asymptotically normal, i.e., pim& = a and /n(a —

oz)ih/\/(o, vk), where v’ is its asymptotic variance.
Proof. Appendix. O]

Although the asymptotic variance and its sample-based analog for the two-step
estimator of (a, §’,) are given in the appendix, many researchers sometimes pre-
fer to use bootstrapping for these types of models in practice (Gongalves, Hounyo,
Patton & Sheppard 2023). We suggest using a non-parametric bootstrap proce-
dure that samples the data running both the Hausman et al. (1998) first step
and the second step estimator in every iteration, so that the bootstrap automat-
ically captures the transmission of sampling error from (p, ¢) to (&, B, 7) without
requiring the analytical derivation of the Jacobian.

3.3 Efficient GMM Estimator

The two-step estimator discussed above is consistent, numerically convenient and
establishes a clear hierarchy between the misclassification model and the structural
regression. It is, however, important to note two primary considerations for the
practitioner: (i) By estimating p and ¢ separately from the structural parameters
(B,7), we potentially sacrifice asymptotic efficiency. A joint GMM approach would
stack the MLE scores or NLS gradient and the structural moments into a single vec-
tor. By solving this system simultaneously, one could achieve the semi-parametric
efficiency bound. (ii) In the two-step framework, we assume information flows
only from the misclassification model to the regression. In reality, the relationship
between y; and the proxy x; can actually contain information on the probability of
z; being misclassified. A joint estimation would “leak” this structural information
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back into the estimates of p and ¢, potentially improving their precision.

We consider the joint estimation of n = (8,7, ¢')’, where ¢ = (p,q,7)" is the
parameter vector of the misclassification model. We define the stacked moment
vector ¢;(n):

Vli(9)
gi(n) = | silyi —si6 — kyws) |,
Ti(yi — si8 — krkoya;)
where V4/;(¢) is the gradient of the misclassification objective function and the
remaining components of g;(n) represent the structural regression moments implied
by Equation (10). The efficient GMM estimator 7 minimizes the quadratic form:

n / n
i) = arg min (Z gi(n)> W, (Z gi(n)> :
i=1 i=1

where W,, is a symmetric positive-definite the weighting matrix. Since the system
is exactly identified (i.e. the number of moment conditions equals the number of
parameters), the sample estimator 7 satisfies the system of equations exactly (i.e.,
Y w1 9i(n) = 0) and the choice of W, needs not be optimal to achieve efficiency.
As above, identification relies on the nonlinearity of F(-) alongside variations in
w;, as well as the rank condition for the matrix [s x].

Theorem 4. Under the model assumptions and standard regularity conditions
(compact parameter space, continuous moments, identification),

1. 1) is consistent, i.e., I—— 1.

2. 7 is asymptotically normal, i.e., \/n(n — no)iﬂV(O, (G'Q7IG)7Y), where

the components of the asymptotic variance, (G'Q'G)™!, are given by Q =

Elgi(n0)gi(m0)'] and G = E[V,g;(no)]-
Proof. Appendix. O

A sample-based consistent estimator of the asymptotic variance, (G'QQ1G) ™,
is provided in the appendix. Under this specification, the asymptotic variance
of § = (B, 7) reaches the semi-parametric efficiency bound, as it utilizes the full
covariance structure between the misclassification score and the structural error
term. The standard errors obtained from the sample analog of the asymptotic
variance are robust to any form of heteroskedasticity in the structural error term.
The estimator of the intercept, &, is given by Equation (14) and has the same
asymptotic properties, that is, consistent and asymptotically normal. As with the
Two-Step estimator above, bootstrapping can also be employed to obtain standard
errors for the GMM estimator of («, 5,7, p, ¢.7) and used for statistical inference
(e.g,. Hahn 1996, Brown & Newey 2002, Dovonon & Gongalves 2017).
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4 Monte Carlo Simulation Study

This section provides finite-sample validation for both the problem and the rec-
ommended solution. We compute the cost of a corrupt confounder at various
degrees of misclassification, we evaluate the biases in naive estimation, and we
assess the finite sample performance of the proposed estimators with Monte Carlo
simulations.

4.1 Simulation Design

The data generating process is simulated as follows. The main predictor of the
binary confounder is w; ~ X%1)7 the true confounder is z; = 1[—1 + 7w; + v; > 0],
where v; ~ N(0,1). The main explanatory variable is s; = kz; + &, & ~ X%l)’ with
k € {—0.8,0.8}. The parameter s controls the level and sign of the correlation
between the variable of interest, s;, and the true binary confounder, z;. The true
outcome equation is given by:

Y; = 1 —0.28i+42i+6z‘, &g NN(0,2)

The researcher does not observe z; but rather a corrupt proxy z;, with misclassi-
fication rates p,q € [0, 1), such that

x; = zilu; > q] + (1 — z)1[u; < pl.

This means p is the rate of false positives and ¢ is the rate of false negatives. The
operational or proxy model that the researcher can estimate is therefore

yi =a+ Bs; +yxi + €

We first fix 7 = 1 and we consider a set of different combinations values of
misclassification probabilities (p, q), that is, (0.15,0.15); (0.15,0.30); (0.30,0.15),
which allows us to evaluate the bias and performance of the proxy and proposed
estimators at different levels of corruption in the misclassified binary confounder,
as well as when the researcher chooses to omit the confounder entirely.

The estimates of the model parameters, (3,7), are obtained for the infeasible
OLS estimator using the correct confounder (Oracle OLS), the pessimistic OLS
estimator that omits the confounder entirely (Omitted OLS), the naive OLS es-
timator that includes the corrupt binary proxy (Proxy OLS), and the proposed
correction estimators: a two-step estimator that estimates misclassification prob-
abilities with the Hausman et al. (1998) approach in a first step (Two-Step) and a
GMM estimator that jointly estimates all parameters together (Joint GMM). We
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only report the estimates of our parameter of interest, 5. The estimated proba-
bilities of misclassification assume the correct specification of the distribution of
the correct confounder.® All our results are based on N = 1000 simulations with
a generated sample of n = 5000 observations.

4.2 Finite Sample Performance of Alternative Estimators

The Monte Carlo simulation results in Table 1 provide comprehensive finite sample
validation for our main theoretical claims across various degrees of correlation and
corruption. We use the Oracle OLS estimator, which utilizes the true confounder
z;, as the ideal benchmark, and the Omitted OLS estimator as the measure of the
maximum possible bias, which is the Omitted Variable Bias (OVB).

Our primary finding is the empirical confirmation that, for a misclassified bi-
nary confounder, including the corrupt binary proxy is strictly preferable to omit-
ting it. As expected from our DGP, Omitted OLS estimator consistently exhibits
severe omitted variable bias in the estimate of the coefficient of interest whose true
value is set at 8 = —0.20. When & = —0.8, the § estimate from Omitted OLS is
near -0.322 and when x = 0.8, it is near 0.500, a complete sign switch. This large
and systematic bias, including possible sign-flipping, reflects the cost of ignoring
the possibly strong correlation between s; and z;. In every simulation scenario,
the B estimate from Proxy OLS estimator is demonstrably closer to the true value
than the Omitted OLS estimate. When k = —0.8, the omitted OLS estimator has
a bias of approximately —0.12, whereas the naive Proxy OLS estimator has biases
ranging from about —0.095 to —0.109. The same result is even more striking when
k = 0.8, and remains true even when the estimated coefficients have the wrong
sign as in this case. Hence, including the corrupt proxy always achieves partial
bias reduction. This pattern empirically validates our main theoretical result that
|Bias(31ndude)] < |Bias(30mit)]. It confirms that the expansion bias mechanism
observed in misclassified treatment variables (e.g. Nguimkeu et al. 2019, Wossen
et al. 2019) does not dominate the bias reduction achieved for a coefficient of in-
terest by including a corrupt binary confounder.

Although the Proxy OLS estimator is better than the omitted OLS estimator, it
still systematically suffers from residual asymptotic bias. When £ = —0.8, this bias
increases with higher levels of corruption, and when x = 0.8, the bias is so severe
that the estimator completely flips sign as well. This persistent bias is substantial

'We do not report the estimator that takes misclassification probabilities as known since it is
similar to the case of known z, the Oracle OLS. We also do not report the case of misclassification
implied by a misspecified model using logistic v;, as it gives similar results as though it was
correctly specified.
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Table 1: Monte Carlo Performance of Alternative Estimators

p (p,q) Estimator Mean  Bias SD RMSE
Oracle OLS -0.199 0.001 0.014 0.014
Omitted OLS | -0.320 -0.120 0.016 0.121
(0.15,0.15) | Proxy OLS -0.295 -0.095 0.016 0.096
Two-Step -0.211 -0.011 0.063 0.064
Joint GMM -0.213 -0.013 0.046 0.056
Oracle OLS -0.200  0.000 0.014 0.014
Omitted OLS | -0.322 -0.122 0.016 0.123
—0.9 | (0.15,0.30) | Proxy OLS -0.305 -0.105 0.016 0.106
Two-Step -0.197  0.003 0.051  0.051
Joint GMM -0.222  -0.022 0.043 0.048
Oracle OLS -0.199 0.001 0.014 0.014
Omitted OLS | -0.320 -0.120 0.016 0.121
(0.30,0.15) | Proxy OLS -0.309 -0.109 0.016  0.110
Two-Step -0.196  0.004 0.086 0.086
Joint GMM -0.202 -0.002 0.070 0.082
Oracle OLS -0.199  0.001 0.016  0.016
Omitted OLS | 0.498 0.698 0.027 0.698
(0.15,0.15) | Proxy OLS 0.212 0412 0.024 0.413
Two-Step -0.231 -0.031 0.254  0.255
Joint GMM -0.233 -0.033 0.046 0.056
Oracle OLS -0.200  0.000 0.017 0.017
Omitted OLS | 0.498 0.698 0.028 0.698
0.9 | (0.15,0.30) | Proxy OLS 0.321  0.521 0.026 0.522
Two-Step -0.215 -0.015 0.110 0.111
Joint GMM -0.212 -0.012 0.090 0.091
Oracle OLS -0.200 -0.000 0.017 0.017
Omitted OLS | 0.498 0.698 0.028  0.698
(0.30,0.15) | Proxy OLS 0.333 0.533 0.026 0.534
Two-Step -0.212 -0.012 0.071 0.072
Joint GMM -0.211 -0.011 0.063 0.064

Notes: The true coefficient of interest is 8 = —0.20, and the coefficient on the binary confounder is v = 4.00.
“Oracle OLS” uses the true binary confounder z;. “Omitted OLS” excludes the confounder entirely. “Proxy
OLS” uses the misclassified proxy x; in place of z;. “Two-Step” estimates the misclassification probabilities in
a first step and applies the proposed correction in the second step. “Joint GMM” estimates the misclassification
and structural moment restrictions jointly. Bias is defined as E[B] — B. SD denotes the Monte Carlo standard
deviation, and RMSE denotes the root mean squared error.
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and could lead to dramatic policy prescriptions, especially with sign-switching
estimates. The proposed correction procedures then address the residual bias left
after proxy inclusion as both the Two-Step and Joint GMM estimators successfully
eliminate the asymptotic bias inherent in OLS. Across all regimes, empirical means
for both estimators closely track the true parameter value (f = —0.20), with bias
generally remaining below —0.033. Increasing false positive (p) or false negative (q)
rates inflates estimation variance (SD and RMSE) compared to the baseline Oracle
OLS. The variance penalty reflects the information loss from estimating p and ¢
in the first step or jointly. However, Joint GMM systematically outperforms Two-
Step estimator in finite-sample efficiency (lower SD and RMSE). For instance,
under £ = 0.8 and (p,q) = (0.15,0.15), Two-Step exhibits a higher standard
deviation at SD = 0.254 (RMSE = 0.255) due to first-stage error propagation.
In contrast, Joint GMM dramatically stabilizes estimation, cutting the standard
deviation to SD = 0.046 (RMSE = 0.056). This represents a five-fold increase in
estimation precision, bringing efficiency within close proximity of the unobservable
Oracle OLS benchmark (SD = 0.016).

4.3 Robustness under Identification Breakdown

The Monte Carlo simulation results in Table 2 demonstrate how parameter identifi-
cation degrades as the first-stage strength (7) approaches zero, illustrating classic
weak identification dynamics within non-linear misclassification models.?. Both
standard OLS benchmarks display substantial positive bias across all levels of .
While their bias decreases mechanically as the underlying dependence weakens,
Proxy OLS consistently achieves lower bias than Omitted OLS (e.g., 0.256 vs.
0.363 at m = 0.3), reaffirming that inclusion of an imperfect proxy reduces er-
ror relative to total omission even under weak identification, though it remains
heavily biased. When m = 0.3, both corrective estimators still successfully pull
the parameter estimates back toward the true parameter value, though both carry
substantial variance penalties (SD ~ 0.186-0.195) compared to Oracle OLS. As
the first-stage signal weakens further (7 = 0.1), first-stage estimation error in the
misclassification parameters (p,§) begins to contaminate structural estimation.
This is consistent with the fact that the correction relies on estimated misclassi-
fication parameters, so weak identification in the first-stage model translates into
additional uncertainty in the structural estimator. Both estimators exhibit severe
variance amplification, resulting in a positive bias shift (B ~ —0.138 for Two-Step
and —0.129 for Joint GMM) as the non-linear identification bounds weaken.

2The assumption is that the researcher is able to choose a proper non-linear F(-) so that
identification largely relies on variation in w;
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Table 2: Performance Under Weak Identification

7w | Identification | Estimator Mean Bias SD RMSE
Oracle OLS -0.200 -0.000 0.022 0.022
Omitted OLS | 0.163 0.363 0.043  0.366
0.3 Weak Proxy OLS 0.056 0.256 0.037  0.259
Two-Step -0.241 -0.041 0.195  0.199
Joint GMM -0.154 0.046 0.186  0.191
Oracle OLS -0.199 0.001 0.021 0.021
Omitted OLS | 0.033 0.233 0.036  0.236
0.1 | Very Weak | Proxy OLS -0.022  0.178 0.033  0.181
Two-Step -0.138  0.062 0.158  0.169
Joint GMM -0.129  0.071 0.128 0.146
Oracle OLS -0.200  0.000 0.023  0.023
Omitted OLS | 0.008 0.208 0.036  0.211
0.0 | No Variation | Proxy OLS -0.037 0.163 0.032  0.166
Two-Step -0.432 -0.232 0.550  0.597
Joint GMM -0.077 0.123 0.282  0.307

Notes: The true coefficient of interest is § = —0.20. The experiment sets k = 0.8, p = 0.15, and ¢ = 0.30,
and varies 7 to alter the strength of identification in the misclassification equation. “Oracle OLS” uses the true
confounder. “Omitted OLS” excludes the confounder entirely. “Proxy OLS” uses the misclassified proxy directly.
“T'wo-Step” estimates the misclassification parameters in a first-stage nonlinear model and applies the proposed
correction in the structural equation. “Joint GMM” estimates the misclassification and structural restrictions
jointly. Bias is defined as E[3] — 8.

When © = 0, the covariate w; contains zero information on the latent con-
founder z;, making the misclassification probabilities p and ¢ non-identifiable from
the first-stage equation Pr[z; = 1 | w;]. The deterioration in the proposed estima-
tors is therefore expected and is not a numerical anomaly. The Two-Step estimator
collapses, producing severe negative bias of —0.232 (B = —0.432) and high sam-
pling variance (SD = 0.550, RMSE = 0.597, while Joint GMM also exhibits severe
bias (0.123) and inflated variance (SD = 0.282), although with relatively greater
finite-sample robustness. The comparison between the two-step and joint GMM es-
timators is also informative. It shows that across weak-identification designs, joint
GMM continues to have lower variance and RMSE than the two-step procedure, a
pattern consistent with the efficiency advantage of estimating the misclassification
and structural equations jointly rather than treating first-stage estimates as fixed
inputs.

In conclusion, these simulations support the two central tenets of our paper.
First, the naive approach using a corrupt binary proxy is a necessary first step
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that correctly reduces bias compared to omitting the confounder entirely. Second,
the proposed correction estimators are robust and effective solutions for achieving
full consistency when identification is adequate. They substantially reduce bias
compared to both omission and naive proxy inclusion. When identification is
weak, the correction methods remain potentially valuable but become noisier. If
the first-stage model lacks identifying variation altogether, the variance cost can
dominate. By contrast, the theoretical result on proxy inclusion remains robust
across these regimes: even when the researcher cannot correct the misclassification,
including the proxy still produces less bias than omitting the confounder entirely.

5 Returns to Education in Cameroon

The purpose of this empirical application is primarily methodological. We apply
the proposed methods in a real data example of returns to education and gender
earnings gaps among household businesses in Cameroon. We use this context
to illustrate how misclassification of an economically important binary covariate
can affect substantive empirical conclusions, and how the proposed estimators
can be implemented in a policy-relevant setting. Consequently, estimates should
not be interpreted as definitive causal effects, as such an interpretation would
require additional assumptions concerning, among other things, selection, omitted
heterogeneity, and endogeneity that are beyond the scope of the present exercise.

5.1 Context and Data

Household businesses dominate the labor force in Cameroon and across Sub-
Saharan Africa, yet their income dynamics remain poorly understood due to
widespread informality and measurement challenges. In particular, business for-
mality status, typically self-reported in household and enterprise surveys, is prone
to misreporting, either because entrepreneurs misunderstand legal definitions, strate-
gically misstate their status, or operate in gray zones between formality and in-
formality. This application re-examines two canonical relationships in the devel-
opment and labor economics literature: returns to education and gender earnings
gaps, by explicitly accounting for misclassification in self-reported business formal-
ity. Ignoring such misclassification can bias estimates of human capital returns and
distort conclusions about the role of formalization in income generation.

Our empirical application uses data from the 2005 Employment and Infor-
mal Sector Survey (EESI 2005) conducted by the National Institute of Statistics
of Cameroon (INS-Cameroon 2005, Nguimkeu 2014). The EESI is a nationally
representative household survey designed to capture employment outcomes, labor
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market participation, and characteristics of informal economic activity. We focus
on household business owners, for whom the survey collects detailed information
on business income, owner characteristics, and self-reported formality status. This
population is of particular interest because household businesses account for a
large share of non-agricultural employment in Cameroon, yet operate largely out-
side the reach of administrative data (INS-Cameroon 2005). The outcome variable
is business income, while key covariates include education, age, age-squared, and
a female indicator. These variables capture standard human capital and demo-
graphic dimensions emphasized in both the labor and development literatures.

A central variable in our analysis is business formality status, denoted z in
our framework, which captures whether a household business operates formally
or informally. In the survey, formality is measured through a self-reported bi-
nary indicator, denoted z in our framework, based on registration or legal status
as perceived by the respondent. We treat z as a key binary confounder in the
income equation. Business formality is correlated with education, gender, and
age, and is also strongly associated with income. Omitting formality therefore
induces omitted-variable bias, while including it as a regressor is standard practice
in empirical work on household businesses. Self-reported formality status is likely
to be misclassified, however. Several features of the institutional environment in
Cameroon make accurate reporting difficult. First, enforcement of registration
and tax obligations is uneven, and many businesses operate in gray zones between
formal and informal activity (Nguimkeu 2022, Kede Ndouna & Tsafack Nanfosso
2023). Second, entrepreneurs may be uncertain about whether their business meets
legal thresholds for formality. Third, strategic misreporting may arise due to fear
of taxation or regulatory scrutiny (Benjamin & Mbaye 2012, Adom 2025). As a
result, the observed indicator x may differ from the true latent state z.

Table 3 reports summary statistics for household businesses in Cameroon, dis-
tinguishing between self-reported formal and informal enterprises. Only 11% of
businesses report being formal, underscoring the dominance of informality in the
economy. Self-reported formal businesses appear sharply different from informal
ones along income, education, and gender dimensions. Formal enterprises earn
substantially higher income, are run by more educated owners, and are dispropor-
tionately male-owned. Although these differences are striking, they are based on
self-reported formality status, which may be mismeasured. In settings with weak
enforcement and ambiguous regulatory thresholds, businesses may misreport for-
mality or misclassify their legal status. As a result, observed differences between
formal and informal enterprises may conflate true productivity gaps with measure-
ment error and selection. This concern is consistent with earlier work emphasizing
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Table 3: Summary Statistics: Household Businesses in Cameroon

All Businesses Formal Informal
Panel A: Income and Owner Characteristics

Income (1000 CFA) 106.70 353.30 75.30
(140.36)  (220.99)  (82.69)
Education (years) 7.98 12.54 7.40
(4.30) (4.40)  (3.93)
Age (years) 37.54 41.67 37.02
(10.92) (7.74)  (11.16)
Female (=1) 0.34 0.09 0.37
(0.47) (0.29)  (0.48)
Panel B: Formality Status
Formality (=1) 0.11 1.00 0.00
(0.32)
Observations 478 54 424

Notes: Income is monthly income from household businesses in 1000 CFA. Formal indi-
cates self-reported registration or formal status of the business. Standard deviations in
parentheses. Formal and informal groups are defined based on self-reported formality.

that informality is a latent economic state rather than a directly observed char-
acteristic (Nguimkeu 2014, 2022). Treating self-reported formality as error-free
may therefore bias estimates of returns to education and gender earnings gaps,
motivating the application of the proposed misclassification-corrected estimators.

5.2 Results

To estimate returns to education and gender gaps in earnings, we apply the pro-
posed correction procedures, which allow us to estimate misclassification proba-
bilities directly from the data based on Hausman et al. (1998) approach, and to
recover consistent estimates of the earnings equation. The results are reported
in Table 4. Across all specifications, education is positively associated with log
income from household businesses and is significant for all estimators. However,
the magnitude of returns varies sharply across estimators. The omitted OLS spec-
ification implies an average return to an additional year of education of about 9.1
percent, while treating observed formality status as an error-free proxy lowers this
estimate to 5.9 percent. By contrast, both corrected estimators yield substantially
larger and remarkably similar estimates: 22.8 percent for the Two-Step estimator
and 22.6 percent for Joint GMM. The close correspondence between the Two-Step
and Joint GMM estimates is reassuring and suggests that the correction is not
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driven by the particular estimation procedure. This pattern indicates that part of
what is often interpreted as a low return to education among household businesses
actually reflects selection into (true) formality, rather than productivity gains from
schooling alone.

Table 4: Returns to Education and Gender Earnings Gaps in Cameroon

Variable Omitted OLS Proxy OLS Two-Step Joint GMM
Panel A: Structural Log Income Equation Results
Education 0.091*** 0.059*** 0.228*** 0.226***
(0.010) (0.009) (0.022) (0.022)
Age 0.127*** 0.111%** 0.192%** 0.191***
(0.022) (0.021) (0.037) (0.037)
Age?/100 -0.135*** -0.123**  -0.183*** -0.182***
(0.027) (0.026) (0.045) (0.044)
Female -0.747* -0.677F 21,047 -1.042%**
(0.094) (0.091) (0.172) (0.170)
Formality (z) — 1171 -3.201%** -3.199**
— (0.109) (0.903) (0.895)
Intercept 0.893** 1.396*** -1.827** -1.785**
(0.424) (0.401) (0.808) (0.799)
Panel B: Misclassification Parameters (Formality Status)

False Positive (p) 0.113*** 0.113***
(0.015) (0.015)
False Negative (q) 0.248*** 0.238***
(0.007) (0.006)

Notes: In Panel A, the dependent variable is log income from household businesses. The Proxy OLS treats
self-reported formality status as error-free. The corrected estimators (Two-Step and GMM) account for misclas-
sification in formality using estimated misclassification probabilities following Hausman et al. (1998). Panel B
reports misclassification probabilities (p, q) for the Joint GMM and the first-stage of Two-Step. The first stage
and score function use all model covariates as predictors of true formality status. Bootstrap standard errors in
parentheses. *p < 0.10, * x p < 0.05, * x *xp < 0.01.

The life-cycle earning profile follows a standard concave pattern across all spec-
ifications, with income rising with age and declining at older ages. Importantly,
these effects remain stable after correction, suggesting that life-cycle earnings dy-
namics are robust to misclassification in formality status. Again, the nearly iden-
tical Two-Step and Joint GMM estimates provide evidence that these substantive
conclusions are robust across the two correction procedures. Female-owned house-
hold businesses earn substantially less than male-owned businesses in all models.
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The raw gender gap is relatively small when formality is omitted (—0.747), or
when it is controlled for with a self-reported status (—0.677). After correcting for
misclassification, the gap becomes large, approximately —1.05 under both Two-
Step and Joint GMM. This suggests that formalization is an important factor in
explaining gender income disparities in household businesses. When accounting
for true formality status, women face sizeable income penalties, pointing to deeper
structural constraints such as differential access to capital, networks, digital tech-
nologies or market opportunities.

The most striking result concerns the coefficient on formality itself. When
self-reported formality is treated as error-free, Proxy OLS produces a large posi-
tive coefficient of 1.171. Once misclassification is explicitly modeled, however, the
estimated coefficient becomes approximately —3.20 under both corrected estima-
tors. This is not simply an attenuation correction: accounting for classification
error reverses the estimated sign of the relationship between latent true formal-
ity status and household-business earnings. This result implies that, conditional
on education, age, gender, and the other included covariates, the latent formality
state identified by the model is associated with substantially lower earnings. This
result is consistent with a weak value proposition of formalization for small-scale
enterprises in Africa (Nguimkeu & Okou 2021). Firms that formalize may incur
taxes and compliance costs without receiving sufficiently large compensating ben-
efits, while some may enter formality primarily because scale and visibility make
continued informality difficult (Nguimkeu 2022, Adom 2025). This suggests that
policies centered only on enforcement or registration are unlikely to succeed. Sus-
tainable formalization requires changing the payoff structure by making formal
status valuable.

Panel B provides direct evidence that self-reported formality is noisy. The
estimated false-positive rate (p ~ 11.3%) under both correction methods implies
that about 11 percent of observations classified as formal are truly informal. The
estimated false-negative probability is substantially larger (¢ ~ 24% to 25%), im-
plying that 24-25 percent of truly formal businesses report themselves as informal.
Misclassification is therefore asymmetric: true formal businesses appear consider-
ably more likely to be recorded as informal than true informal businesses are to
be recorded as formal. Importantly, the Two-Step and Joint GMM procedures
produce very similar estimates of both p and ¢, providing additional evidence that
the estimated misclassification process is stable across estimation methods. This
asymmetric misclassification is consistent with institutional realities in Cameroon,
where entrepreneurs may underreport formality because of weak enforcement or
ambiguity about legal status.
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Although this empirical exercise is not designed to identify the causal effects in
this setting, the sharp change in some of the estimated coefficients demonstrates
that accounting explicitly for misclassification can lead to economically meaningful
differences in estimated relationships relative to both omitting the confounder
and treating an imperfect proxy as error-free. In the context of small household
enterprises in Cameroon, the corrected pattern seems consistent with the local
business and institutional environment, but these mechanisms remain suggestive
rather than identified in this application.

6 Conclusion

This paper addresses a fundamental dilemma in regression analysis: whether to
omit a mismeasured confounder or include a corrupt proxy. While the recent
literature on non-classical measurement error has fostered a “fear of the proxy”—
suggesting that including imperfect measures may occasionally be more damaging
than exclusion—we prove that this caution is unnecessary when the confounder is
binary. Our theoretical results demonstrate that including a misclassified binary
proxy, such as a business’s formality status in an income equation, strictly reduces
the bias in the coefficient of interest relative to omitting the variable entirely. This
finding provides a robust justification for researchers to utilize available indicators,
even when their accuracy is known to be imperfect.

To move beyond mere bias reduction toward consistent estimation, we pro-
posed two methodological solutions: a sequential two-step estimator and a joint
GMM framework. By integrating a misclassification model into the structural
equation, we derived analytical correction factors that recover the true structural
parameters. These estimators are consistent and asymptotically normal, with a
sample-based variance estimator that correctly propagates first-stage uncertainty
into the final standard errors. Crucially, these corrections rely on two fundamental
requirements: sufficient variation in the underlying predictors of the latent state
and the essential non-linear shape of their probability distribution. Our Monte
Carlo simulations confirm that these methods perform well in finite samples, suc-
cessfully eliminating the attenuation and contamination biases that plague naive
linear models. Our empirical findings from household businesses in Cameroon
demonstrate the critical need for these corrections. Naive proxy models severely
distort the economic reality by overstating the benefits of formalization while un-
derestimating both the returns to human capital and the gender earnings gap.
Once corrected, we find that returns to education and gender disparities are far
more pronounced, and the expected gains from formalization turn negative.
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In summary, this study provides both a theoretical safety net for using mis-
measured binary proxies and a practical toolkit for correcting them in regression
analysis. For practitioners, this means that rather than reverting to the known
hazards of omitted variable bias out of fear of misclassification error in a binary
confounder, one should include the binary proxy and apply the appropriate GMM
or two-step corrections proposed in this paper. This ensures credible structural
inference and provides a more accurate basis for policy recommendations. Fu-
ture work might extend this analysis to mismeasured categorical confounders with
more than two values, examine the cases of covariate-dependent misclassification,
or explore the complex interactions that arise when multiple binary confounders
are misclassified.

A  Proofs of Theorems

This section contains the proofs of all our theoretical results, where some proofs,
especially standard arguments, are deliberately heuristic for space.

A.1 Proof of Theorem 1

Proof. We need to prove that A < 1, that is, ky > Rim. The regressor of interest, s;,

is assumed to be a scalar here for simplicity. By the Cauchy-Schwarz inequality, we

will always have Cov(s;, z;)? < Var(s;)Var(z;). Because Cov(s;, 2;) = k1Cov(s;, z;)

and Var(z;) = kikyVar(z;), this means Cov(s;, x;)* < koVar(s;)Var(z;), and hence
Cov(s;, x;)?

ko > ’ =R2,. O

> = Var(s;)Var(z;) o

A.2 Proof of Theorem 2

Proof. We prove the consistency and asymptotic normality of (B ,7) when (p, q) is
known. Taking all variables in deviation from their sample means, the true model
is given by y; = s.8 +vz; +¢;. Let 8 = (5',7)". The proposed estimator 6 satisfies

1 ~
the sample moment condition — > | 1;(0) = 0, where:
n

_ ( sy — 8B — kaya)
i) = (xl(yz —s0 — /ﬁ}CQ’YfUi))
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i. Consistency

By the Weak Law of Large Numbers (WLLN), the estimator converges to the
value 0 that satisfies E[1);(6)] = 0. Substituting the true model into the moment
conditions:

| Elsi(siB+vyzi+ei—sif—kiyx)] ) (E[sizi| — k1E[siz;]) + Elsei]
Elpi9)l = (E[%‘(Szﬂ + VZ’i + ;— sif — lﬁkZW%)]) B <’;/Y(E[xzzz] — kikoE[27]) + E[a:jez])

Given Cov(s,z) = k1Cov(s,x), Cov(z,z) = kikoVar(z), and Ele|s, z] = 0, all
terms vanish at the true 0. Thus, — 6.

ii. Asymptotic Normality

Under standard regularity conditions, v/ (6—0)—2 N (0, V), where V = A~1B(A")~1.
The Jacobian matrix A is:

a-5 (5] - [Ehed b

)

The meat matrix B for the heteroskedastic case is:

E[stif%z] E[3i$i§1,i§2,i]1

where 6171' =¢&; + ’}/(Zl — kl.’lfl) and 6271' =¢&; + ’}/(Zl — klk’gl'i).

iii. Sample-Based Robust Estimator
Let él,i =y — S;B — k17x; and 5277; =y — s;B — kikoyx;. The empirical sandwich

estimator for the variance is:

Var(f) = —A-'B(A")!

S|

~

where A is the design matrix and B= %Z?:l @/Jﬂ% using residuals éﬂ

A.3 Proof of Theorem 3

Proof. We prove the consistency and asymptotic normality of (B ,7) when (p, q) is
unknown and consistently estimated as (p, q).
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i. Consistency

Let 0 = (',v)" and b= (p, G, )" be the first-step MLE estimates from the Haus-
man et al. (1998) procedure. Since ¢p—— ¢y and the moment function (6, ¢) =

( s5i(yi — 538 — kiyw;)

is continuous in ¢, by Slutsky’s Theorem:
zi(yi — siff — klkﬂ%)) ¢ by Y

_Z¢z ¢z( 7¢0)]

As established in the case of known (p, q), the unique solution to E[;(6, ¢g)] = 0
is 6y. Thus, oL 0.

ii. Asymptotic Normality
Let Vli(¢) be the gradient of the first-step estimation problem. The joint esti-

mator satisfies: . .
1 (VMJ(?)) _0
n i=1 77/}2(‘9a ¢)

A first-order Taylor expansion of — Z %( ) around (6, ¢o) yields:

Vil — ) = —A”

+ 0p(1)

% > (b, 60) + Fy/m(d = 60)

where A = E[Vg1;(6o, ¢o)] and F = E[Vy1;(6p, ¢o)] from standard MLE theory.
- 1
Substituting the influence function of the MLE, \/n(¢—¢q) = 7 S Li+ou(1),

where L; = —E [Vli(¢0)] " Vli(do), we obtain:
Vi = 09) 5 N (0, V"),

where V* = A71B*(A’)~1. The corrected variance matrix is B* = Var(i; + FL;).

iii. Sample-Based Robust Estimator

To 1mp1ement the estimator with n observations, let 51 i = Yi— S, B — k1yx; and
5271 =y — S ﬂ kikoAx; the residuals. The empirical sandwich components are:

- 1 5,8 kysiz;

. . 1

e Jacobian Matrix: A= ——)> ?:1 ¢ A o ;
n x;8;  kikox;
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~ a'Z%l al%l

1 g, fiti —’AYa—Sz'SCi

e Adjustment Matrix: F = EZ?:I 8(1%?]%2) 8(1%?1%2)
AN 2 AT 2
op o

e Total Influence: m,; = 1/3z + F l:i, where I:z is the estimated influence func-
tion of the first-step parameters.

X N 1. . . .
The robust covariance matrix for 6 is then Vy; = —A7'B*(A")~!, where B* =
n
1 .
- Yoo mym; using residuals & ;. O

A.4 Proof of Theorem 4

Proof. We establish the consistency and asymptotic normality of the joint GMM
estimator 7, which estimates the structural parameters § = (§’,v)" and the mis-
classification model parameters ¢ = (p, ¢, )" simultaneously. Let n = (¢',¢')" =
(8,7, p,q, ™) be the full vector of parameters. The estimator is based on a stacked

vector of moment conditions g;(n): ¢;(n) = (Z(?f;(z; ), where:

o V,li(¢) is the score vector from the misclassification likelihood in Hausman
et al. (1998), ensuring the identification of ¢.

e ;(¢,0) represents the structural regression moments as defined earlier above.

The GMM estimator minimizes the objective function:

/
I I
Qn(n) = (5 Z%(U)) W, (ﬁ > m(n))
i=1 i=1
where W, is a positive semi-definite weighting matrix.

i. Consistency

We assume the set of parameters is a compact set.

Identification: The parameter ¢ is identified by the non-linear functional form
of the likelihood moments E[V4/;(¢)] = 0 (Hausman et al. 1998). Given iden-
tified ¢, the structural parameters 6 are identified by the moments condition
E[Yi(¢,0)] = 0, provided the rank condition holds for the set [s; ;).
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Uniform Convergence: By the Uniform Weak Law of Large Numbers (UWLLN),
the sample objective function @, (1) converges uniformly to the population objec-
tive function Qo (n) = Elg;(n)]"W E[g;(n)], where W is the probability limit of W,,.

Since Qo(n) is uniquely minimized at 7y (due to identification) and 7 minimizes
Qu(n), it follows that §— 1.

ii. Asymptotic Normality

Because the model is exactly identified the sample estimator satisfies the system
of equations exactly:

In (ﬁ) =0.
Taking a first-order Taylor expansion of g,(77) around the true value 7y yields:

0 = Gn(no) + Gn(0)(1 — 10),

where G, () = 8%77(,") n=n 1s the sample Jacobian matrix evaluated at an inter-

mediate point 77 between 7 and 7. Assuming G,,(77) is non-singular and invertible
as n — 00, solving for \/n(n — ) yields:

V(i —mo) = = [Gu(@)] ™ V/1ga(mo).

By the Central Limit Theorem, \/ng,(no) 4 N(0,9), where Q = E[g;(n0)g:(n0)’]-
By the Uniform Law of Large Numbers, G,, 2 G = E[V,g;(n)]. Thus, the asymp-
totic variance is V = (G’QQ"'G)~!. This achieves the semi-parametric efficiency
bound for the joint estimation problem. The efficient variance of f is then obtained
as a sub-matrix of V.

iii. Sample-Based Variance Estimator

To conduct inference in finite samples, we replace the population moments in the
asymptotic variance formula with their sample analogs. Let n be the estimated
parameter vector. The sample-based robust variance estimator for 7 is given by:

Vn = (ég@glén)il
where the components are defined as follows:

e Jacobian Matrix (én) The matrix of sample derivatives of the moment
conditions with respect to the parameters:

S SR 0 Violi(9)
G = — ;vngz(n) " z; (vem(é,éﬁ) vdj/i(é, 95))
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e Covariance of Moments (£2,): The heteroskedasticity-robust estimator
of the moment covariance:

R 1 <& X .
Q, = " Zgi(n)gi(n)'
i=1

where g;(7) is the vector of stacked moments conditions (scores and structural
moments) for observation i evaluated at 7).

Standard errors for the coefficients are obtained by taking the square root of the

1.~
diagonal elements of —V,,. Note that information flows between the misclassifica-

n
tion model and the regression model is captured by the off-diagonal elements of

), providing more precision for all estimates.
O

B Proofs of Corollaries 1 and 2

Proof. Here we prove the consistency and asymptotic normality of the intercept

for all cases. The proof uses the same argument for all estimators discussed earlier,

except for minor considerations that we explain below. Given the structural model
Y, = a+ SIf+~Z; + ¢;, the estimator for the intercept is defined as:

T - S

l=p—q

3>

i. Consistency of intercept
The estimator & can be defined using the continuous function g(-) such that:

A C aw Ao wh af XD
6=g(Y.5.X.0.4.p.0) =Y 554 (1_>
—P—9q
We know, by the consistency of the slope and misclassification estimators that:
R A A

Since (Y;,S;, X;) are i.i.d. and satisfy the conditions for the Weak Law of Large
Numbers, then by Slutsky’s Theorem and the Continuous Mapping Theorem:

EX]—p
L—=p—gq
Thus, & is a consistent estimator of the true intercept a. This result also holds
when (p, q) is known, as in this case we can simply see it as p = p and p = p.

plimé = E[Y] — IS8 -~ ( ) _ B[] - E[S)B—EZ] —a (15)
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ii. Asymptotic Normality of the intercept

To derive the asymptotic distribution of the intercept, we treat o as a component
of the joint parameter vector n = (o, 3',7,p,q)’. We follow the Delta Method
approach by defining the intercept as a function of the slope parameters, nuisance
parameters, and sample moments.

Let n = (5',7,p,q)" denote the vector of slope and misclassification parame-
ters, and let p = (E[Y], E[S]', E[X])" be the vector of population moments. The
estimator for the intercept can be expressed as a differentiable function g(, p):

~ A Y. ol n ~ X—ﬁ
04:9(77>M):Y—55—7(m) (16)

Given the consistency and asymptotic normality of the Two-step and GMM
estimators, we have:

V(i — )~ N(0,V,) (17)
Vi — )= N(0,V,) (18)

By the Delta Method, the intercept & also follows an asymptotic normal dis-
tribution:

Vi(é — a)-5 N(0, V' SVg) (19)

where Vg is the gradient of the intercept function g(-) with respect to all param-

eters and moments evaluated at their true values:

dg 0dg]
— _— 2
Ve {077” 0//} (20)

and ¥ represents the joint asymptotic covariance matrix of (7, 1). When (p,q)
is known, 6 = (f’,7) is used in place of n = (5',7,p,q) and the same reasoning
applies. ]

Data availability statement

The empirical example in this study is based on the 2005 Survey of Employ-
ment and the Informal Sector (EESI) for Cameroon. These data are publicly
available on request to the Cameroon National Institute of Statistics (https://ins-
cameroun.cm).
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